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Za model vodiËa i feromagnetske ploËe napravljen je 3D proraËun magnetskog polja pomoÊu inte-
gralnih jednadæbi za kvazistatiËki sluËaj. Usporeeni rezultati proraËuna i mjerenja dobro se slaæu. 
Pristup preko integralnih jednadæbi pokazuje se vrlo efi kasnim u prostoru u kojem se traæi polje 
daleko od izvora i u kojem nema puno razliËitih feromagnetskih materijala. Pri tome se pretpo-
stavlja da su vodljivost i permeabilnost feromagnetskog materijala konstantni.
Takoer je prikazan utjecaj feromagnetskog materijala na magnetsko polja vodiËa.
The 3D calculation of the magnetic fi eld around a model of a current carrying conductor and 
ferromagnetic plate has been performed by means of integral equations in the quasistatic case. 
There is good agreement between the calculated and measured results. The integral equation ap-
proach is very effective in a space in which a fi eld distant from the source is calculated and there 
are not many different types of ferromagnetic materials. The conductivity and permeability of the 
ferromagnetic materials are assumed to be constant. Furthermore, the infl uence of the ferromag-
netic materials on the magnetic fi eld of a conductor is shown.
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1 INTRODUCTION
In the numerical calculation of a magnetic fi eld by 
means of the commonly used fi nite element method 
in a space in which a fi eld distant from the source 
is being sought, problems in connection with the 
very large number of elements required for mod-
eling and the defi nition of boundary conditions may 
arise. However, when using integral equations, only 
the ferromagnetic materials need to be modeled 
and it is not necessary to set boundary conditions, 
since the domain is infi nite. All the space in which 
the primary (real sources) and secondary sources 
exist is regarded as free (μ=μ0).
The 3D calculation of a magnetic fi eld by means 
of integral equations will be shown for the simplest 
model; a current carrying conductor and nearby fer-
romagnetic cuboid plate. 
2 MODEL FOR 3D CALCULATION
The model studied is shown in Figure 1, while a 
simplifi ed model for calculation is shown in Figure 
2, in which the defl ection and diameter of the con-
ductor are ignored.
Current I0  of frequency f fl ows through the conduc-
tor of length l in the direction of the +x axis. A fer-
romagnetic plate is placed symmetrically beneath 
the conductor. The plate has constant conductivity 
γ and constant permeability μ. The origin of the co-
ordinate system is in the center of the conductor, 
according to Figures 1 and 2.
The infl uence of other sources and materials (ex-
cept the ferromagnetic plate) on the magnetic fi eld 
of the conductor is ignored. The fi eld will only be 
calculated along the z axis.
1 UVOD
Pri numeriËkom proraËunu magnetskog polja me-
todom konaËnih elemenata u prostoru u kojem 
se traæi polje daleko od izvora, moæe se pojaviti 
problem vrlo velikog broja potrebnih elemenata za 
modeliranje kao i problem defi niranja rubnih uvje-
ta na granici domene proraËuna. Nasuprot tome 
u pristupu preko integralnih jednadæbi potrebno 
je modelirati samo feromagnetske materijale i ne 
treba postavljati rubne uvjete, jer je domena pro-
raËuna beskonaËna. Ëitav se prostor promatra kao 
slobodni (μ=μ0) u kojem postoje primarni izvori 
(stvarni izvori) i sekundarni izvori (izvori koji mo-
deliraju materijal).
Prikazat Êe se 3D proraËun magnetskog polja preko 
integralnih jednadæbi na najjednostavnijem modelu; 
tanki vodiË kroz koji teËe struja, a u Ëijoj se blizini 
nalazi feromagnetska ploËa u obliku kvadra.
2 MODEL ZA 3D PRORA»UN
Na slici 1 prikazan je ispitivani model, a na slici 
2 pojednostavljeni model za proraËun u kojem su 
zanemareni progib i promjer vodiËa.
 
Struja I0 frekvencije f teËe kroz vodiË duljine l u 
smjeru +x osi. Ispod vodiËa simetriËno je postav-
ljena feromagnetska ploËa stalne specifi Ëne vod-
ljivosti γ i stalne permeabilnosti μ. Ishodiπte ko-
ordinatnog sustava se postavlja u srediπte vodiËa 
prema slikama 1 i 2.
Zanemaruje se utjecaj svih ostalih izvora i ma-
terijala na polje promatranog vodiËa osim same 
feromagnetske ploËe. Polje Êe se raËunati samo 
u smjeru osi z .
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I0 ∑ effective value of current fl owing through
     conductor,
f  ∑ frequency,
l ∑ length of conductor,
p ∑ defl ection of conductor,
d ∑ diameter of conductor,
a ∑ length of the ferromagnetic plate in the x-axis
     direction,
b ∑ length of the ferromagnetic plate in the y-axis
    direction,
c ∑ length of the ferromagnetic plate in the z-axis 
    direction,
zp ∑ z-coordinate of the bottom surface of the
     ferromagnetic plate,
γ ∑ conductivity of the ferromagnetic plate,
μ ∑ permeability of the ferromagnetic plate
        (μ=μ0·μr)
μ0 ∑ permeability of the air (μ0 = 1,256·10∑6 H/m)
Because the fi eld is quasistatic ( f = 50 Hz), the 
calculation will be performed in a complex plane so 
that all time-dependent variables will have a point 
above the symbol (phasor). If the variable is a vec-
tor, it will have a bold symbol (e.g. H ).
 
I0 ∑ efektivna vrijednost struje koja teËe kroz vodiË, 
f  ∑ frekvencija,
l  ∑ duljina vodiËa, 
p  ∑ progib vodiËa, 
d  ∑ promjer vodiËa, 
a  ∑ duljina feromagnetske ploËe u smjeru x-osi, 
b  ∑ duljina feromagnetske ploËe u smjeru y-osi, 
c  ∑ duljina feromagnetske ploËe u smjeru z-osi, 
zp  ∑ z koordinata donje plohe feromagnetske ploËe, 
γ ∑ vodljivost feromagnetske ploËe, 
μ ∑ permeabilnost feromagnetske ploËe (μ=μ0·μr),
μ0 ∑ permeabilnost zraka (μ0 = 1,256·10-6 H/m).
Zbog kvazistatiËnosti polja ( f= 50 Hz), proraËun 
Êe se provesti u kompleksnom podruËju pa Êe sve 
vremenski ovisne veliËine imati toËku iznad naziva 
(fazor). Ako veliËina ima i vektorski karakter, onda 
Êe naziv biti podebljan (bold) (npr. H ).
Slika 1 
Ispitivani model vodiËa i 
feromagnetske ploËe
Figure 1 
Studied model of 





za proraËun magnetskog 
polja
Figure 2 
Simplifi ed model 
for magnetic fi eld 
calculation
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3 CALCULATION OF A0 AND H0 
FOR A CONDUCTOR (WITHOUT 
A FERROMAGNETIC PLATE)
All the variables which are caused by primary 
source I0  will have an index of 0. (vector magnetic 
potential) and (magnetic fi eld intensity) will be cal-
culated according to the Biot-Savart law. Since the 
current in a conductor only fl ows in the direction 
of the +x axis, the vector magnetic potential at the 
observation point on the z-axis will only have an x 
component, while the magnetic fi eld intensity will 
only have a y and z component. 
Vector magnetic potential A0 and magnetic fi eld in-
tensity at any point (x,y,z) are calculated as follows:
 
3 PRORA»UN MAGNETSKOG 
POLJA VODI»A (BEZ 
FEROMAGNETSKE PLO»E)
Dogovorno Êe sve veliËine koje uzrokuje primarni 
izvor (vodiË) I0 imati indeks 0. Vektorski magnetski 
potencijal A0 i jakost magnetskog polja H0 proraËu-
nat Êe se prema Biot-Savartovu zakonu. BuduÊi 
da struja u vodiËu teËe samo u smjeru +x osi, u 
promatranoj toËki prostora vektorski magnetski 
potencijal imat Êe samo x komponentu, a jakost 
magnetskog polja y i z komponentu. 
Vektorski magnetski potencijal i jakost magnetskog 
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4 POSTAVLJANJE INTEGRALNIH 
JEDNADÆBI ZA MODEL
Neka se prema slikama 1 i 2 promatra navedeni 
model vodiËa i feromagnetske ploËe za kvazistatiËki 
sluËaj. 
Pretpostavlja se da su sve vremenske promjene 
sinusne s kruænom frekvencijom ω.
       
Vanjski vremensko promjenjivi izvor I0 u feroma-
gnetskoj ploËi uzrokuje magnetizaciju i vrtloæne 
struje πto se modelira sljedeÊim sekundarnim 
izvorima [1] i [2]:
Jv ∑ gustoÊa vrtloænih struja (A/m2) koja se razvija
   unutar volumena V feromagnetske ploËe, 
K m  ∑ linijska gustoÊa magnetizacijske struje (A/m)
   koja se javlja na povrπini S feromagnetske
   ploËe (magnetizacijski strujni oblog), 
σ v  ∑ ploπna gustoÊa elektriËnog naboja (C/m2)
   koja se pojavljuje na povrπini S feromagnetske  
 ploËe, 
Prema [1] i [2], ukupno magnetsko polje kojeg 
stvaraju navedeni primarni i sekundarni izvori u 
bilo kojoj toËki prostora je:
gdje je: 
H 0(r)  ∑ magnetsko polje koje u toËki r stvara pri-
  marni izvor I0  ,
H v(r) ∑ magnetsko polje koje u toËki r stvara se-
  kundarni izvor Jv ,
H s(r) ∑ magnetsko polje koje u toËki r stvara se-
  kundarni izvor K m,
r  ∑ radij vektor promatrane toËke (slika 3) u
   kojoj se raËuna polje (moæe biti bilo gdje u
   prostoru; unutar volumena V na povrπini S
   ili izvan volumena V ),
4 SETTING THE INTEGRAL 
EQUATIONS FOR THE MODEL
Let us consider the model of the current carrying 
conductor and ferromagnetic plate for the quasi-
static case according to Figures 1 and 2.
It is assumed that all the time variations are sinu-
soidal with angular frequency ω:
The outer time varying source I0  causes magnetic 
polarization and eddy currents in the ferromagnetic 
plate, which can be modeled by the following sec-
ondary sources [1] and [2]:
Jv ∑ surface eddy current density (A/m2), which
   appears inside the volume V of the ferroma-
  gnetic plate,
K m ∑ line magnetizing current density (A/m), whi-
  ch appears on the surface S of the ferromagne-
  tic plate,
σ v ∑ surface electric charge density (C/m2), which 
  appears on the surface S of the ferromagnetic plate.
According to [1] and [2], the total magnetic fi eld 
caused by the previously mentioned primary and sec-
ondary sources at any point of the space is as follows:
where: 
H 0(r) ∑ the magnetic fi eld at point r caused by the
  primary source I0 ,
H v(r) ∑ the magnetic fi eld at point r caused by the
   secondary source Jv ,
H s(r) ∑ the magnetic fi eld at point caused by the
  secondary source K m,
r ∑ the radius vector of the observation point
  (Figure 3), in which the fi eld is calculated
  (can be anywhere in the space; inside the
  volume V, on the surface S or outside volu-
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r’ ∑ radius vector of the integration point (Figure
   3) (can be either inside the volume V or on
   the surface S ),
R  ∑ connecting vector (Figure 3).
The vector magnetic potential at any point of the 
space can be calculated as follows [1] and [2]:
r’  ∑ radij vektor tekuÊe toËke integracije (slika
   3) (moæe biti samo unutar volumena V ili 
  na povrπini S), 
R  ∑ vektor udaljenosti (slika 3).
Vektorski magnetski potencijal u bilo kojoj toËki 
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where: 
A 0(r) ∑ the vector magnetic potential at point r cau-
  sed by the primary source I0 ,
A v(r)  ∑ the vector magnetic potential at point r cau-
  sed by the secondary source Jv .
A s(r) ∑ the vector magnetic potential at point r cau-
  sed by the secondary source K m.
Surface charge σv creates electric scalar potential 
. At any point of the space, this potential can be 
calculated, as follows [1] and [2]:
where ε0 is the relative dielectric constant in the air 
ε0 = 8,854·10-12 F/m.
If the operator grad is applied to the potential , S 
can be written as follows for any point that does not 
lie on the surface:
For a point on the surface S (from the inner side 
of the surface S of the ferromagnetic material), the 
following can be written [1]:
At any point r inside the volume V, the following 
can be written:
gdje je: 
A 0(r) - vektorski magnetski potencijal kojeg u 
  toËki r stvara primarni izvor I0 ,
A v(r) - vektorski magnetski potencijal kojeg u 
  toËki r stvara sekundarni izvor Jv ,
A s(r)  - vektorski magnetski potencijal kojeg u 
  toËki r stvara sekundarni izvor K m.
 
Ploπni naboj σv stvara skalarni elektriËni potencijal 
 koji je u bilo kojoj toËki prostora dan izrazom 
[1] i [2]: 
      
gdje je ε0 relativna dielektriËna konstanta u zraku: 
ε0 = 8,854·10-12 F/m.
Djelovanjem operatora grad na potencijal , za 
toËku koja ne leæi na S dobiva se:
Za toËku na graniËnoj plohi S vrijedi (s unutraπnje 
strane povrπine S feromagnetskog materijala) [1]:
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Inserting expressions (11) and (13) into (15), it 
follows:
At any point r on the surface S, the following can 
be written [1]:
where:
n(r)  ∑ Normal at the point r. 
The direction is from the ferromagnetic material 
towards the outside:
Inserting expression (5) into (17), it follows:
At any point r on the surface S, the following can 
also be written [3]:
Uvrπtavanjem izraza (11) i (13) u (15) dobiva se:
U bilo kojoj toËki r na povrπini S vrijedi [1]:
gdje je:
n(r)  - okomica na povrπinu u toËki r.
 Usmjerena je iz feromagnetskog materijala prema 
van.
 
Uvrπtavanjem izraza (5) u (17), dobiva se:
Takoer se za bilo koju toËku r na povrπini S moæe 
napisati [3]: 
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From the conditions at the boundary between the 
ferromagnetic material and the air, it follows [1]: 
Multiplying (20) by n(r) and inserting (11), (14) 
and (21) into (20), it follows:
Expressions (16), (19) and (22) are integral equa-
tions from which secondary sources are calculated.
 
5 DISCRETIZATION OF 
INTEGRAL EQUATIONS
In order to fi nd Jv (inside the volume V), K

m  and σ

v (on 
the surface S of the ferromagnetic plate), volume V is 
divided into NV volume elements, while the surface 
S (surface of the cuboid) is divided into NS surface 
elements (Figure 4). NX is the number of divisions in 
the direction of the x-axis, NY is number of divisions 
in the direction of the y-axis and NZ is the number of 
divisions in the direction of the z-axis. Elementary 
volume V is cuboid because of the constant borders 
of integration. Elementary surface S is rectangular.
Iz uvjeta na granici feromagnetski materijal-zrak 
dobiva se [1]:
Mnoæenjem (20) sa n(r) i uvrπtavanjem (11), (14) 
i (21) u (20), slijedi:
Izrazi (16), (19) i (22) su integralne jednadæbe iz 
kojih se dobivaju traæeni sekundarni izvori.
5 DISKRETIZACIJA 
INTEGRALNIH JEDNADÆBI





(na povrπini S feromagnetske ploËe), volumen V 
se dijeli NV na volumnih elemenata, a povrπina S 
(oploπje kvadra) na NS povrπinskih elemenata (slika 
4). NX je broj podjela u smjeru x osi, NY broj podje-
la u smjeru y osi i NZ broj podjela u smjeru z osi. 
Kao elementarni volumen V uzet Êe se kvadar 
zbog konstantnih granica integracije. Elementarna 





Podjela volumena V i 
povrπine S feromagnetske 
ploËe na elementarne 
volumene V i 
elementarne povrπine S
Figure 4 
Division of the volume 
V and surface S of the 
ferromagnetic plate into 
elementary volumes V 
and elementary surfaces 
S.
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According to Figure 4, it follows:
It will be assumed that Jv  is constant inside every 
elementary volume V and that K m and σ

v  are con-
stant on every elementary surface S.
 
Integral equations (16), (19) and (22) will be writ-
ten in the form of scalar equations for the compo-
nents. The equations will be set in the center points 
of the volume and surface elements.
For any center point ri of elementary volume Vi the 
following can be written (ri' is the center point of 
either volume or surface element being integrated):
Prema slici 4 vrijedi: 
Pretpostavit Êe se da je Jv  konstantan unutar sva-
kog elementarnog volumena V te da su K m i σ

v 
konstantni na svakoj elementarnoj povrπini S. 
 
Integralne jednadæbe (16), (19) i (22) napisat Êe 
se u obliku skalarnih jednadæbi po komponentama. 
Jednadæbe Êe se postavljati u teæiπtima volumnih i 
ploπnih elemenata.
Za bilo koju toËku ri teæiπta elementarnog volume-
na Vi vrijedi (ri' je teæiπte tekuÊeg volumnog ili 
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For any center point ri  of elementary surface Si  the 
following can be written: 
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(30)
(31)
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Since there are 3NV + 4NS  of unknown secondary 
sources in the center points of the volume and 
surface elements, it is necessary to write the same 
number of scalar integral equations. Therefore, 
equations (25), (26) and (27) are set in all the 
center points of the volume elements (a total of 3NV 
scalar equations), while equations (28), (29), (30) 
and (31) are set in all the center points of the sur-
face elements (a total of 4NS  scalar equations). 
By solving the linear system of 3NV + 4NS  equations 
with 3NV + 4NS  unknowns, the secondary sources at 
the center points of volume and surface elements 
are obtained.
The magnetic fi eld at any point r of the space is as 
follows:
For the defi ned model, H0X = H0Z = 0.
BuduÊi da ukupno postoji 3NV + 4NS nepozna-
tih sekundarnih izvora u teæiπtima volumnih i 
povrπinskih elemenata, potrebno je napisati isto 
toliko skalarnih integralnih jednadæbi. U tu se 
svrhu svaka od jednadæbi (25), (26) i (27) postav-
lja u svim teæiπnim toËkama volumnih elemenata 
(ukupno 3NV  skalarnih jednadæbi), dok se svaka od 
jednadæbi (28), (29), (30) i (31) postavlja u svim 
teæiπnim toËkama povrπinskih elemenata (ukupno 
4NS  skalarnih jednadæbi). 
Rjeπavanjem linearnog sustava od 3NV + 4NS 
jednadæbi sa 3NV + 4NS  nepoznanica, dobivaju se 
traæeni sekundarni izvori u teæiπtima volumnih i 
povrπinskih elemenata.
Magnetsko polje u bilo kojoj toËki r prostora je:
Za navedeni model u kojem se polje raËuna u 
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Magnetska indukcija B se dobiva mnoæenjem ma-
gnetskog polja sa μ0:
Efektivna vrijednost magnetske indukcije u bilo 
kojoj toËki prostora je:
6 PRIKAZ REZULTATA 
MJERENJA
Mjerenje magnetskog polja obavljeno je na pet 
modela prema slici 1. Podaci o modelima nalaze 
se u tablici 1. 
Krivulje izmjerenih vrijednosti magnetske induk-
cije po z osi na modelima prikazane su na slici 
5. Vidljivo je da se umetanjem feromagnetske 
ploËe ispod vodiËa smanjuje magnetsko polje is-
pod ploËe, dok se magnetsko polje iznad vodiËa 
neznatno poveÊava. ©to je ploËa deblja, priguπenje 





Magnetic fl ux density B is obtained by multiplying 
the magnetic fi eld intensity by μ0:
The effective value of the magnetic fl ux density at 
any point of the space is as follows:
6 MEASUREMENT RESULTS
Magnetic fi eld measurement was performed on fi ve 
models according to Figure 1. Model data are given 
in Table 1.
 
The curves of the measured values of the magnetic 
fl ux density along the z-axis are given in Figure 5. 
It can be seen that the inserted ferromagnetic plate 
beneath the conductor decreases the magnetic fi eld 
under the plate and slightly increases the magnetic 
fi eld above the conductor. The thicker the plate, the 
greater the attenuation of the fi eld under the plate.
Tablica 1 ∑ Podaci modela





















1 5,26 50 7,3 0,175 0,005 - - - -
2 5,26 50 7,3 0,175 0,005 0,51 0,80 0,00125 -0,146
3 5,26 50 7,3 0,175 0,005 0,51 0,80 0,00250 -0,146
4 5,26 50 7,3 0,175 0,005 0,80 0,51 0,00125 -0,146
5 5,26 50 7,3 0,175 0,005 0,80 0,51 0,00250 -0,146
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7 COMPARISON OF THE 
CALCULATED AND MEASURED 
DATA
As previously stated, the defl ection and diameter of 
the conductor are ignored in the calculation of the 
magnetic fi eld intensity of the model. Furthermore, 
the infl uence of other sources and materials (except 
the ferromagnetic plate) on the magnetic fi eld of the 
conductor is ignored. The measured and calculated 
curves of B for models 1 to 5 are shown in Figures 6 
to 10. The compared curves have good matching. 
Deviation of approximately 15 % exists only in the 
highest measured points above the conductor (ap-
proximately 1 m above the conductor) due to the 
infl uence of the other conductors.
 
7 USPOREDBA REZULTATA 
PRORA»UNA I MJERENJA
Kao πto je veÊ reËeno, proraËun magnetskog polja 
na modelu napravljen uz zanemarenje progiba i 
promjera vodiËa te zanemarenje utjecaja svih osta-
lih izvora i materijala na polje vodiËa (osim na-
vedene feromagnetske ploËe). Krivulje usporedbe 
mjerenih i raËunskih vrijednosti B za modele 1 do 
5 prikazane su na slikama 6 do 10. Usporeene 
krivulje dobro se slaæu. 
Odstupanja od oko 15 % postoje u najviπim mjer-
nim toËkama iznad vodiËa (cca na 1 m iznad vo-
diËa) zbog utjecaja polja ostalih izvora. 
Slika 5 
Krivulje izmjerenih 
vrijednosti B po z osi na 
modelima
Figure 5 
Curves of the measured 
values of B along the 
z-axis for the models
Slika 6 
Usporedba krivulja 
izmjerenih i raËunskih 
vrijednosti B za model 1
Figure 6 
Comparison of the 
measured and calculated 
curves of B for Model 1
model 5 / model 5
model 3 / model 3
model 4 / model 4
model 2 / model 2
















2 3,52,5 43 4,5
B(μT)
z(m)
Model 1 / Model 1
Samo vod bez feromagnetske ploËe /
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Slika 7 
Usporedba krivulja 
izmjerenih i raËunskih 




the measured and 




izmjerenih i raËunskih 




the measured and 




izmjerenih i raËunskih 




the measured and 








2 3,52,5 43 4,5
B(μT)
z(m)
Model 2 / Model 2
a=0,51 m, b=0,8 m, c=1,25 mm
Nx=6, Ny=7, Nz=3










2 3,52,5 43 4,5
B(μT)
z(m)
Model 3 / Model 3
a=0,51 m, b=0,8 m, c=2,5 mm
Nx=6, Ny=7, Nz=3










2 3,52,5 43 4,5
B(μT)
z(m)
Model 4 / Model 4
a=0,8 m, b=0,51 m, c=1,25 mm
Nx=7, Ny=6, Nz=3
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8 ZAKLJU»AK
3D proraËun kvazistatiËkog magnetskog polja 
preko integralnih jednadæbi pokazuje se vrlo efi -
kasnim u prostoru u kojem se traæi polje daleko od 
izvora i u kojem nema puno razliËitih feromagnet-
skih materijala. Pri tome se pretpostavlja da su 
vodljivost i permeabilnost feromagnetskog materi-
jala konstantni.
Za navedeni model vodiËa i feromagnetske ploËe 
postoji vrlo dobro slaganje rezultata mjerenja i pro-
raËuna. Feromagnetska ploËa, umetnuta ispod vo-
diËa, smanjuje magnetsko polje vodiËa u podruËju 
ispod feromagnetske ploËe, a neznatno poveÊava 
magnetsko polje iznad vodiËa.
 
8 CONCLUSION
The 3D calculation of a quasistatic magnetic fi eld 
by means of integral equations is very effective for 
a space in which the fi eld to be calculated is far 
from the source and in which there are not many 
different ferromagnetic materials. The conductivity 
and permeability of the ferromagnetic material are 
assumed to be constant.
For the defi ned model of the current carrying con-
ductor and ferromagnetic plate, the results of the 
measurements and calculations are in good agree-
ment. The insertion of a ferromagnetic plate be-
neath under the conductor decreases the magnetic 
fi eld under the plate and slightly increases the mag-
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the measured and 








2 3,52,5 43 4,5
B(μT)
z(m)
Model 5 / Model 5
a=0,8 m, b=0,51 m, c=2,5 mm
Nx=7, Ny=6, Nz=3
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